Several novel wind energy systems produce wakes with annular cross-sections, which are qualitatively different from the wakes with circular cross-sections commonly generated by conventional horizontal-axis wind turbines and by compact obstacles. Since wind farms use arrays of hundreds of turbines, good analytical wake models are essential for efficient wind farm planning. Several models already exist for circular wakes (e.g. Morton, B. R., J. Fluid Mech. 10:101-112, 1961); however, none have yet been proposed for annular wakes, making it impossible to estimate their array performance. We use the entrainment hypothesis to develop a reduced-order model for the shape and flow velocity of an annular wake from a generic toroidal obstacle. Our model consists of a set of four ordinary differential equations, which we solve numerically. In addition, by assuming that the annular wake does not drift radially, we further reduce the problem to a model comprising only two differential equations, which we solve analytically. Both of our models are in good agreement with previously published large eddy simulation results.
Introduction
With the impacts of anthropogenic climate change already unfolding, it is urgent that the world replace carbon-intensive power sources with renewable ones. Wind power is a proven technology that produced 960 TWh of energy, or 4% of global energy production, in 2017 [1] . Large-diameter, horizontal-axis wind turbines (HAWTs) and well-designed wind farms have made this possible, but the scale of wind energy can still be increased. Global installed capacity was 513 GW in 2017, but [2] estimate that the global wind resource that could theoretically be utilized by HAWTs is over 95 TW.
Wind turbine power is determined primarily by the diameter of the turbine and its efficiency. This has led to the development of large HAWTs, with diameters of over 130 m [3] . While HAWTs have been very successful in land-based and shallow-offshore arrays, they have yet to meaningfully take advantage of other significant wind energy resources. Near-offshore HAWT windfarms have not yet achieved cost parity with conventional energy technologies [4] , and far-offshore projects remain expensive [3] . Additionally, HAWTs cannot access wind resources in the upper atmosphere, where the wind power density is about two times greater than it is at typical HAWT hub heights because wind speed increases with altitude [5] .
To take advantage of these currently untapped energy resources, new airborne wind energy (AWE) technologies are being developed that can harvest wind power from a tethered kite or aircraft [6, 7] . Most AWE designs consist of a large, tethered kite that flies transverse to the prevailing wind in a closed loop, allowing it to reach the faster-moving winds present higher in the atmosphere. The kite harvests energy either by a turbine generator on the kite that transmits electrical power to the base, or by transmitting mechanical power from the kite to the base. Many different designs have been developed with both of these power mechanisms, as well as with moving or stationary base stations and a variety of flight patterns [7, 8] . A flight mode that is commonly considered involves flying the kite along a circular path, thereby generating an annular wake; this is the case, for example, for the Makani energy kite [9] . As AWE development continues, the technology may eventually be viable for large-scale wind farms. In this case, an understanding of their wakes will be critical for determining array spacing and layout. Surprisingly, while circular wakes have been studied extensively in both the literature on free shear flows [10, 11, 12] and in the literature on wind turbine wakes [13, 14, 15] , there appear to be no theoretical models of annular wakes, to the best of our knowledge. The only existing study on annular turbine wakes appears to be a large eddy simulation of AWE kite aerodynamics by [16] .
Other related works include a study by the same group on pumping-mode AWE devices [17] , studies on the behavior of annular jets [18, 19] , investigations on the wakes behind toroidal bluff bodies at low Reynolds number [20] , and a study by [21] on the impact of kites on HAWT farm wakes.
In this paper, we develop two theoretical models for annular wakes by leveraging the concept of entrainment velocity, whose history includes applications to modeling plumes [22] , wakes with circular cross-sections [23] , gravity currents [24] , and wind farms [25, 26] . In § 2, we derive two entrainment-based models-the first of which must be solved numerically, the second of which can be solved analytically-for the shape and speed of an annular wake as a function of distance behind an annular obstacle. In § 3, we then compare the models to the simulation results from [16] , finding good agreement. A discussion is presented in § 4, with conclusions following in § 5.
2 Entrainment-based models of annular wakes
Assumptions and Definitions for Models
For simplicity, it is assumed that the obstacle that generates the wake is perpendicular to a constant oncoming wind with a uniform velocity V ∞ . The distance between the inner and outer radii of the obstacle is denoted by S, and the overall diameter of the obstacle is D, as shown in figure 1 (a). The obstacle is assumed to slow the airflow immediately downstream of it, according to the predictions of actuator disc theory. Unlike in a conventional (circular) axisymmetric wake, there will be a core region at the center of the annulus-shaped wake whose axial velocity V i will initially be greater than the wake velocity V w . The initial value of V i should be close to V ∞ (although not necessarily identical) and may vary with distance x behind the turbine. It is assumed that the wake can be completely described by the wake velocity V w , wake span S w , and total diameter D w , which depend only on x. Turbulent entrainment is expected to increase V w , S w , and D w with increasing x. Following the entrainment hypothesis, fluid downstream of the obstacle is assumed to entrain into the wake at a radial velocity of w e = E(V ∞ −V w ) from the external flow, and at a radial velocity of w i = E(V i −V w ) from the core region, where E denotes the entrainment coefficient. Similarly to other established wake models [27] , the pressure in the wake is assumed to be constant (after the initial adjustment that takes place immediately behind the obstacle) and equal to the ambient pressure (see § 2.4).
Model 1: Flux Conservation in Annulus and Core
Following the approach of [23] (see also [26] for a modern treatment), equations for mass and momentum conservation were derived for the annular wake and the core region.
With reference to the wake sketched in figure 1(a), consider an axisymmetric control volume of infinitesimal length ∆x in the axial direction, with radial dimensions corresponding to the inner and outer radial boundaries of the wake at the given distance x, as sketched in figure 1(b). In a given plane, the area of the core region is π 4 (D w − 2S w ) 2 , implying that the area of the annular wake is
, which can be simplified to πS w (D w − S w ). Assuming the fluid has uniform density, conservation of mass in the annular control volume implies that A similar control volume analysis is used for the core region.
Dividing through by π∆x, canceling the first term on each side, and using the definition of the entrainment velocity given in § 2.1, the equation for conservation of mass in the annulus is found to be
Assuming a negligible pressure gradient in the wake, the above approach can then be used to derive an equation for conservation of momentum in the annulus (shown below in equation 4), as well as for conservation of mass and momentum in the core region (equations 5-6). With π times the density factored out, the conservation equations are as follows, with equation (2) repeated first for clarity:
d dx
In order to solve this system of differential equations numerically, a set of four initial conditions (ICs) is required. Therefore, ICs were derived by applying streamtube analysis and actuator disc theory to the flow in figure 1(a) . Similar to the approach of [14] for circular wakes, here we used actuator annulus theory [28] to derive the initial values of V i , V w , S w , and D w at x = 0. From the definition of the axial induction factor a in actuator annulus theory, it follows that V w,0 = V ∞ (1−2a).
The area of the annulus can then be obtained through mass conservation in the streamtube passing through the obstacle:
Since there is no induction in the core region, the actuator annulus model predicts that V i,0 = V ∞ . Once again, applying mass conservation in the core region provides the initial condition for the core area:
Equations (7) and (8) can be combined to solve explicitly for D w,0 and S w,0 . Thus, the ICs for the system of differential equations are as follows:
While the initial value problem (IVP) represented by (3)-(12) can be numerically solved as-is with software such as Wolfram Mathematica, one can simplify the equations by restating them in terms of the mass and momentum fluxes in the wake and core, such that each left-hand side in (3)-(6) is the derivative of a single dependent variable, rather than a combination of S w , D w , V w , and V i . In the following definitions, m signifies mass flux and M denotes momentum flux. Once again, π times the density has been factored out:
Using the above definitions, one can rewrite equations (3)-(6) in the following form:
The IVP represented by equations (9)-(20) was integrated using MATLAB's ode45 solver. The following definitions (rearranged versions of equations [13] [14] [15] [16] were then used to convert the results back into the desired form:
Thus, results were obtained for V i , V w , D w , and S w , as a function of x (see § 3).
Model 2: No Radial Wake Drift
While Model 1 produced results that were a close match to the simulations of [16] (see § 3), we were curious to see if an analytical model of the wake could be derived via a slight simplification of the control volume analysis. Therefore, a second model was derived using a different approach to the behavior of the core region, inspired by the qualitative appearance of the wake profile in the results of [16] . Instead of using conservation equations (5) and (6) to model the core region, the center of the wake ring (located at radial distance Dw 2 − Sw 2 from the axis of turbine rotation) is assumed to not drift from its initial position at
which is henceforth called the no radial wake drift assumption. Model 2 also assumes that
The governing equations for this model are mass and momentum conservation in the annulus (equivalent to equations 3 and 4 from Model 1 when V i = V ∞ ) and the No Wake Drift assumption:
Since we assumed that D w − S w is a constant, this term can be factored out of (25) and (26) . Multiplying (25) by V ∞ and subtracting (26) gives:
Integrating, we find that:
where C is a constant. A value for C can be obtained by using the same ICs (9-12) already obtained in § 2.2:
Solving equation (29) for S w and substituting it into (25) , one can integrate the resulting equation, solve for V w , and find that
where x c is a constant of integration. Given this result for V w , the above equations can be combined to solve for S w and D w .
In summary, the No Radial Drift assumption gives a set of four equations (one constant, three variables of interest) that form a complete analytical model of an annular wake's evolution. The full set of equations is listed below:
Expansion Length
As mentioned in § 2.1, the entrainment hypothesis assumes that pressure in the wake is equal to the ambient pressure. In actuality, wind turbines cause a pressure drop immediately behind the rotor. As shown during the derivation of the initial conditions in § 2.2, actuator disc theory predicts that for a short distance behind the rotor (henceforth referred to as the expansion length), the wake expands as the fluid continues to decelerate until the pressure in the wake equalizes with the ambient pressure. At this point, the regime of turbulent entrainment is expected to become dominant in the wake.
To account for the expansion length in our models, the results of both calculations are shifted forward in the x direction by an empirically-chosen constant x e with values typically in the range of 0 < x/D < 1. This is conceptually similar to the introduction of a virtual origin in entrainmentbased plume models [29] .
Results

Numerical simulation by [16]
For the purpose of comparison with the models derived in § 2, velocity profiles from figure 5 in [16] were converted into tophat velocity profiles in the following manner. Note that U ∞ in [16] is equivalent to V ∞ in this paper. Data points with u x /U ∞ < 1 are considered to be inside the wake; therefore, the surface where u x /U ∞ = 1 is considered to be the wake boundary. The wake velocity V w is considered to be the area average of u x /U ∞ values inside the wake. As the models presented in this paper assume a uniform inflow ahead of the turbine, only the laminar inflow data is used for comparison.
Note that the conventions for normalizing distance in [16] are different than the ones used in this paper. [16] define R as the radial distance to the midpoint of the kite, whereas in this paper, the outer radius of the kite's flight path is used. Therefore, D in this paper is equal to 2R + S in [16] . The [16] data used in figure 2 have been scaled to match the coordinate system defined in figure 1(a).
Parameters for models and results
The key parameters (independent variables) used as inputs for our models were made to be the same as in [16] , i.e. S/D = 0.18 and a = 0.33.
Our models also use the empirical constant E, which is typically around 0.15 for HAWT models in low-turbulence inflow [26] , and the expansion length x e , which is typically in the range of 0 < x/D < 1. When choosing values of E and x e , only the fit of the models' predictions with the velocity data from [16] was considered, as opposed to attempting to fit both the wake shape and the velocity. This is because the "wake boundary" is an artificially-defined parameter compared to the wake velocity, and the wake velocity is the most important parameter for wind farm planning. Both models use E = 0.15 and x e = 0.5D. A comparison between our models and [16] is shown in figure 2.
Discussion
In the region of the wake for which the entrainment hypothesis is valid (x/D 1), the velocity predictions of both the Core Flux Conservation Model (Model 1) and the No Radial Drift Model (Model 2) show good agreement with the simulation data from [16] . There appears to be little difference between the velocity results of Models 1 and 2. The main difference between the two models is that the Core Flux Conservation Model predicts the wake annulus expanding into the core region more quickly than the No Radial Drift Model.
The models introduced here are not restricted to airborne wind energy applications. For example, they could describe the wakes of ground-based annular wind turbines (such as the one in [30] ). With different initial conditions, they could potentially also be applied to the wakes of other toroidal obstacles. The existing initial conditions would be replaced by a matching condition between the momentum deficit and the drag on the obstacle, and a development length that could be found empirically, similarly to approaches for conventional wakes [27] .
Conclusion
By using the entrainment hypothesis and considering mass and momentum budgets behind a toroidal obstacle, we derived a model for the spatial development of a turbulent annular wake. Initial conditions were obtained from actuator annulus theory. The model consists of four coupled ordinary differential equations, which are solved numerically. By assuming negligible radial drift in the turbulent wake, we also derived a simplified model, which admits an analytical closed-form solution.
Both models appear to compare well with existing data, especially for larger x/D values. To help provide an even stronger test of the models developed here, experimental or computational results for larger x/D would be helpful, especially given that spacing in wind turbine arrays is typically between 5 ≤ x/D ≤ 10.
If supported by additional data from experiments or simulations of annular wakes, the models put forth in this paper would enable the modeling of AWE kite wakes at a much lower computational cost than existing methods. This would greatly facilitate the planning of AWE wind farms, which in turn could enable society to harvest previously untapped, energy-dense wind resources, thereby significantly boosting humanity's ability to fight climate change and power itself sustainably.
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